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Abstract—Torque-fill capability during gearshifts is an important customer requirement in automated 
transmission systems. This functionality can be achieved through transmission system layouts (e.g., based on 
dual-clutch technology) characterized by significant mechanical complexity, and hence with relatively high 
cost and mass. This paper describes a parallel hybrid electric drivetrain concept, based on the integration of 
an electric motor drive into a relatively simple six-speed automated manual transmission. The resulting 
hybrid electric drivetrain actuates the torque-fill function through control of the electric motor torque during 
the gearshifts on the engine side of the drivetrain. An optimal controller, based on the off-line computation of 
the control gain profiles, is presented for the clutch re-engagement phase. The novel controller allows 
computationally efficient consideration of clutch energy dissipation during the clutch re-engagement phase of 
the gearshift. The performance with the optimal controller is contrasted with that of two conventional clutch 
engagement controllers, along a set of gearshifts simulated with an experimentally validated vehicle model. 
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I. NOMENCLATURE 
 ,  ,  ,  : Coefficients defining the reference slip speed 
 : Dynamic matrix of the simplified model 
 ̂: Dynamic matrix of the simplified model augmented with the integral of the tracking error 
 ̅: Dynamic matrix for the reformulated cost function 
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  : Upper left sub-matrix of the Hamiltonian 
AMT: Automated manual transmission  
 : Input matrix of the simplified model 
 ̂: Input matrix of the simplified model augmented with the integral of the tracking error 
  : Upper right sub-matrix of the Hamiltonian  
 : Dynamic matrix of the reference trajectories  
  ,   : Sub-matrices of   
   : Half-shaft damping coefficient 
DCT: Dual-clutch transmission 
DMF: Dual-mass flywheel 
DP: Dynamic programming 
   : Driver torque demand 
 : Vector of tracking errors 
 ̂: Augmented vector of tracking errors 
    : Clutch torque tracking error 
     : Slip speed tracking error 
EM: Electric motor 
 : Constant matrix of the simplified model formulation 
 : Coefficient matrix of the reference vector in the augmented system formulation 
 : Output matrix 
 ̂: Output matrix in the augmented system formulation 
ICE: Internal combustion engine 
   Cost function 
  : Mass moment of inertia of the differential 
      : Mass moment of inertia of the primary inertia of the dual-mass flywheel 
      : Mass moment of inertia of the secondary inertia of the dual-mass flywheel 
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  : Mass moment of inertia of the moving parts of the internal combustion engine 
    : Mass moment of inertia of the internal combustion engine and dual-mass flywheel 
      : Mass moment of inertia of the drivetrain in the first state 
      : Mass moment of inertia of the drivetrain in the second state 
      : Mass moment of inertia of the drivetrain in the third state 
       : Mass moment of inertia of the drivetrain in the simplified model 
   : Mass moment of inertia of the rotating parts of the electric motor 
  : Mass moment of inertia of the transmission primary shaft 
  : Mass moment of inertia of the transmission secondary shaft 
  : Apparent mass moment of inertia of the vehicle 
    : Apparent mass moment of inertia of the vehicle including wheels in the simplified model 
  : Mass moment of inertia of the driven wheels 
   : Half-shaft stiffness 
 : Vehicle mass 
 : Coefficient matrix of the reference vector in the augmented tracking error formulation 
MPC: Model predictive control 
MT: Manual transmission 
   Penalty matrix of the clutch dissipation energy 
     : Maximum internal combustion engine power 
      : Maximum electric motor power 
 : Penalty matrix of the tracking error 
 ̃: Penalty matrix of the augmented state vector  
  : Transformation matrix from   to   
  : Transformation matrix from   to   
  : Transformation matrix from   to   
 : Vector of reference trajectories 
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 : Control penalty matrix 
    : Clutch torque reference trajectory 
     : Slip speed reference trajectory 
  : Wheel radius 
 : Final time tracking error penalty 
  : Multiplication matrix for feedback gain calculation 
     : Aerodynamic drag torque  
   : Clutch torque 
          : Transmissible clutch torque 
             : Maximum transmissible clutch torque 
    : Dual-mass flywheel torque 
       : Torque of the friction elements of the dual-mass flywheel 
       : Torque through the elastic elements of the dual-mass flywheel 
  : Internal combustion engine torque 
    : Electric motor torque 
      : Maximum torque of the internal combustion engine 
         : Electric motor torque demand from the energy management system 
       : Maximum electric motor torque 
        : Reference electric motor torque 
      : Reference internal combustion engine torque 
   : Half-shaft torque 
  : Load torque 
                     : Rolling resistance torque 
     : Rolling resistance torque of the driven wheels 
      : Rolling resistance torque of the undriven wheels 
    : Synchronizer torque 
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  : Traction torque 
  ,   ,   : Initial time, final time and time at step   
TCU: Transmission control unit 
 : Input matrix of the optimal controller 
 ̃: Input matrix of the reformulated cost function 
  : Initial vehicle speed 
 : State vector of the simplified model 
 : Augmented state vector 
 ̂  
–
: A-priori state estimates  
  : Slip speed (i.e., the first element of  ) 
 : State vector of reference trajectories 
 : Multiplicative matrix of   
 : Corner frequency of the transfer function of the electric motor torque dynamics 
 : Clutch torque factor 
 : Augmented system states 
  : Time step  
    ,   ̇  : Half-shaft angular deflection and deflection rate 
         : Backlash angle 
  ,  ̇ ,  ̈ : Angular displacement, speed and acceleration of the engine crankshaft 
  ,  ̇ ,  ̈ : Angular position, speed and acceleration of the differential case 
      ,  ̇     : Angular displacement and speed of the secondary mass of the dual-mass flywheel 
  ,  ̇ ,  ̈ : Angular displacement, speed and acceleration of the transmission primary shaft 
  ,  ̇ , ̈ : Angular displacement, speed and acceleration of the driven wheels 
 ̇ ,  ̈ : Apparent angular speed and acceleration of the vehicle 
 : Co-state in the optimal control formulations 
 : State transition matrix 
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  : Final drive ratio 
   : Gear ratio from the electric motor to the secondary shaft 
  : Gearbox ratio 
          : Gear ratio of the ingoing gear 
             : Initial value of the clutch slip speed 
 
II. INTRODUCTION 
n recent years the automotive  industry has experienced an increasing demand for comfort, energy efficiency and 
safety. In the area of mechanical transmission systems, these requirements have been addressed through robotized 
manual transmissions (MTs), i.e., the so-called automated manual transmissions (AMTs) and dual-clutch 
transmissions (DCTs). DCTs [1] are gaining significant use especially in the European market, as they combine 
energy efficiency and substantial reduction of the torque gap during gearshifts, at the price of increased mechanical 
complexity compared to AMTs. With the progressive electrification of automotive drivetrains, novel layouts are 
being proposed, including the parallel hybrid electric architecture used within this paper. This set-up represents a 
hybridized AMT configuration, with the electric motor (EM) drive used to fill in the torque gap during the gearshifts 
on the engine side of the drivetrain. In addition, it provides the energy efficiency benefits (e.g., regeneration during 
braking) typical of hybrid electric powertrains. Similar functionality is also achievable with flywheel-based hybrid 
drivetrains [2], with the main drawbacks being associated with hardware implementation complexity, safety and cost. 
One of the tasks of an AMT gearshift control unit is to accomplish clutch engagement by synchronizing clutch and 
engine speeds. Due to the limited amount of engine braking torque, engine deceleration during upshifts becomes a 
crucial objective for the transmission control unit (TCU), as the speed reduction needs to be achieved through clutch 
control. The clutch engagement process must satisfy several conflicting criteria, such as smoothness, rapid 
engagement and minimization of energy dissipation. In particular, as the transmitted clutch torque varies before and 
after the engagement [3], special care must be taken by the controller to avoid undesirable drivetrain oscillations. 
Many previous studies have investigated this problem and have proposed various solutions. For example, based on a 
two-degree-of-freedom model of the drivetrain, [3] analytically proves that the vehicle acceleration discontinuity, 
I 
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experienced at the clutch engagement, depends on the slip speed rate at the engagement instant. Hence, [3] presents a 
controller decoupling the dynamics of engine speed and clutch slip speed. The engagement problem is subdivided 
into two independent speed tracking tasks, which are accomplished by two Proportional Integral Derivative (PID) 
controllers. An improved version of the decoupled controller, which results in a smoother driveshaft torque, is 
proposed in [4]. [5] discusses the limitations of the no-lurch condition in [3] and obtains a more accurate lurch-free 
engagement condition based on a three-degree-of-freedom model of the drivetrain. In particular, in addition to the 
condition in [3], the deflection rate of the driveshaft at the engagement instant should be as small as possible. 
Moreover, through Quadratic Programming (QP) [5] pre-optimizes the system trajectories (i.e., slip speed and clutch 
torque) with the assumption of constant engine torque. A low-level controller enforces the system to follow the 
optimized trajectories. [6] exploits Linear Quadratic (LQ) control for clutch engagement. The proposed methodology 
benefits from penalizing the clutch torque rate within the LQ cost function. This can lead to a smoother vehicle 
acceleration profile throughout the engagement, however the engine torque is assumed to be constant and non-
controllable. [7] suggests a combination of optimal and decoupled control. A finite time optimal controller generates 
a reference clutch speed profile for the decoupled controller. A constant value is used for the engine speed reference 
in order to avoid engine shut-off. [8] formulates the engagement as an optimal control problem, with physical 
constraints considered directly within the cost function, while the control inputs are determined by using a gradient 
iteration algorithm. Studies dealing with numerical dynamic programming (DP) [9], analytical DP [10], model 
predictive control (MPC) [11], hybrid control based on explicit MPC [12-13] and combinations of fuzzy logic and 
optimal control [14] are also available for the problem of clutch engagement control. 
In a typical TCU, the torque demanded from the internal combustion engine (ICE) is delivered to the driver after 
clutch engagement. Hence, if there is a substantial difference between the clutch torque at the engagement instant and 
the torque demanded by the driver, this would affect comfort. This implies that in addition to the smooth engagement 
associated with the no-lurch condition [3], the clutch engagement controller should ensure that the clutch torque at 
the engagement instant is close to the driver demand. With the exception of [10], the impact of this phenomenon has 
been neglected within the many studies published, and the controllers proposed have mainly focused on satisfying 
the no-lurch condition in [3].  
From another viewpoint, clutch slip during the engagement phase and the resulting heat reduce component life and 
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increase fuel consumption. Thus, heat dissipation within the clutch assembly should be limited. To the best of their 
knowledge, the authors believe that [8] and [9] are the only efforts to directly minimize clutch energy dissipation. 
However, these previous solutions were based on gradient optimization and DP, which prevents the online 
implementation of these controllers within the hardware of existing TCUs. 
The main contributions of this paper are: 
 A computationally efficient and easily tunable optimal controller for low energy dissipation clutch engagement. 
The control output is computed through a multiple-step algorithm similar to the one presented in [15] for an 
aerospace system.  
 The application of the controller to a novel hybrid electric drivetrain, including torque gap filling during 
gearshifts, achieved through an electric motor drive adopted as a secondary power source.   
 The performance evaluation of the proposed technique using an experimentally validated non-linear vehicle 
model for gearshift simulation. The novel controller is compared with the controller currently running in the 
vehicle demonstrator being used to showcase the new drivetrain, and with the PID-based control scheme in [16].  
The paper is organized as follows. In Section III the vehicle model and the novel hybrid electric drivetrain are 
explained, including the description of the current controller and its experimental validation. Section IV discusses the 
proposed optimal clutch controller, which is evaluated in Section V. Finally, the main conclusions are reported in 
Section VI. 
 
III. NON-LINEAR MODEL WITH BASELINE CONTROLLER 
A.  Drivetrain configuration and non-linear model layout 
The novel hybrid electric drivetrain consists of a six-speed AMT with a dry clutch, a primary shaft and a secondary 
shaft (see Fig. 1, which includes the drivetrain schematic and a picture of a physical prototype). An EM is integrated 
into the transmission, and can be linked to the secondary shaft through an epicyclical gearset, a sequence of two 
drops and a hybrid coupling. Two gear ratios are available between the electric motor and the secondary shaft, to 
provide flexibility in terms of the maximum achievable wheel torque and speed. In addition to the energy efficiency-
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related functions of a typical hybrid electric drivetrain, this configuration allows full or partial compensation of the 
torque gap during gearshifts, by controlling the EM torque [17].  
 
a)   b)  
Fig. 1. a) The layout of the novel hybrid electric drivetrain; b) Its physical implementation on a high-performance 
vehicle demonstrator. 
 
Fig. 2. Simplified schematic of the vehicle and drivetrain model for control system assessment. 
 
 
The simplified schematic of the corresponding drivetrain model is presented in Fig. 2. A torsional damping device, 
e.g., a Dual-Mass Flywheel (DMF) between the ICE crankshaft and the clutch input, is used to dampen the engine 
torque oscillations. Since this study is focused on the ICE gearshift analysis, it assumes that the EM operates in 
constant gear (i.e., its first gear is used throughout the paper). The differential is modeled only in terms of final 
reduction ratio, without considering its internal components. A lumped backlash model is included at the differential 
output. An equivalent model is adopted for the left and right half-shafts, as well as the rear driven wheels, which are 
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assumed to be lumped. The vehicle body and undriven wheels are modeled as an apparent rotating inertia, interacting 
with the driven wheels through the tire torque. The tire model is based on Pacejka magic formula [18], including 
relaxation dynamics, with the relaxation length being parameterized as a function of slip ratio and vertical load. The 
next section reports the mathematical formulation of the simulation model. 
B. Non-linear model formulation 
Depending on the status of the clutch and synchronizer, three different states occur during a gearshift sequence: 1) 
engaged clutch and engaged synchronizer; 2) slipping clutch and engaged synchronizer; and 3) disengaged clutch and 
disengaged synchronizer. In the first state the system model is characterized by four degrees of freedom, while in the 
second and third states the degrees of freedom are five and six, respectively.  
1) Engaged clutch and engaged synchronizer 
A first order transfer function is used to model the engine torque dynamics (e.g., caused by the air intake system). 
The engine shaft dynamics are governed by: 
                    ̈                                           (1) 
   and        are respectively the mass moments of inertia of the engine and primary side of the DMF.  ̈  represents 
the angular acceleration of the crankshaft.    is the actual engine torque, output by the engine transfer function.      
is the DMF torque, given by the sum of the contributions caused by the internal springs,        , and Coulomb 
friction,        , among the two inertias of the DMF. Both the stiffness and frictional terms have non-linear behavior 
as a function of DMF deflection and deflection rate, i.e.,                (         ) and         
|                  |      ̇   ̇     ). Hence it is: 
            (         )  |                  |      ̇   ̇     ) (2) 
with        being the angular rotation of the secondary side of the DMF. The drivetrain dynamics are expressed by: 
                              ̈                             (3) 
 ̈  is the angular acceleration of the differential case.   ,    and     are respectively the active gearbox ratio (i.e., 
the gear ratio corresponding to the engaged gear on the ICE side of the drivetrain), the final reduction ratio, and the 
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overall gear ratio from the electric motor output to the secondary shaft.      and     represent the EM torque and 
half-shaft torque, respectively.      is obtained from the motor torque demand, through a transfer function which 
models the motor drive dynamics.        is the equivalent mass moment of inertia for this drivetrain state: 
              
               
   
        
   
                                                    (4)       
  ,    ,   ,     and        are the mass moments of inertia of the secondary shaft, differential assembly, primary 
shaft, electric motor and secondary part of the DMF, respectively. The half-shaft torque can be modeled as the sum 
of stiffness and damping components:  
                 ̇                                                     (5)       
     is the half-shaft torsional deflection, while    and     are the equivalent stiffness and damping (the internal 
damping of the material is very low) coefficients. Due to the lumped backlash model, the half-shaft deflection is 
calculated through the following equation, where    is the angular displacement of the driven wheel and           
represents half of the equivalent magnitude of the transmission backlash (reported at the transmission output): 
     {
                    |     |           
 |     |                                  |     |           
 (6) 
The driven wheel and vehicle dynamics are expressed as: 
                ̈   (7)       
                        ̈   (8) 
   is the tire torque, i.e., the output of the relaxation model.       and        are the rolling resistance torques of 
the driven and undriven wheels, formulated as quadratic functions of speed [19].       is the wheel torque 
corresponding to the aerodynamic drag, and    and       
  are the mass moments of inertia of the wheels 
(lumped within each axle) and vehicle body (apparent inertia), with    being the tire radius,   the mass of the 
vehicle, and  ̈  its equivalent angular acceleration. 
2) Slipping clutch and engaged synchronizer 
The transition from the conditions of engaged clutch to the condition of slipping clutch happens when the absolute 
value of the torque transmitted by the clutch,    , is larger than the transmissible clutch torque,            (i.e., when 
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|   |  |          |). In this state     can be controlled independently from the engine torque, by varying the axial 
force on the friction surfaces, and is approximated with Eq. (9): 
                        ̇       ̇                                         (9) 
  is a non-dimensional factor varying between 0 and 1, which is dependent on the actuation force, while 
              is the maximum value of           , and  ̇  is the angular speed of the primary shaft. 
The transmission dynamics are given by:  
                             ̈                                (10) 
       is the equivalent inertia of the transmission in this state according to Eq. (11): 
              
      
   
        
   
                                (11) 
3)  Disengaged clutch and disengaged synchronizer 
In this state the dynamics of the primary and secondary shafts are decoupled. The transmission dynamics are 
described by:  
    
    
  
    ̈                                                                 
(12) 
                            ̈                               (13) 
     represents the synchronizer torque.        is the equivalent mass moment of inertia of the transmission in this 
state: 
              
        
   
                                                (14) 
C. Baseline controller and validation 
The operating principle of the baseline gearshift controller (i.e., the controller currently running on the prototype 
TCU) is described with reference to Fig. 3, which shows the time history of an upshift from gear 2 to gear 3 with nil 
EM torque demand from the energy management system. The gearshift is initiated by ramping down            
during phase A. Until |   |  |          |,    is kept at the level requested by the energy management system of the 
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hybrid electric drivetrain. Clutch slip starts at the beginning of Phase B. Hence, the engine torque is ramped down 
with an appropriate rate to avoid an increase of engine speed. 
 
 
Fig. 3. Simulation of an upshift from gear 2 to gear 3 at 70% of engine torque demand and 0% of electric motor 
torque demand. In the figure ‘Engine 2nd’ and ‘Engine 3rd’ refer to the expected speed of the primary shaft (calculated 
starting from the differential case speed) when gear 2 and gear 3 are engaged, repectively. 
 
The synchronization phase (Phase C) starts when the clutch is fully disengaged. The outgoing synchronizer 
disengages and then the ingoing synchronizer starts transmitting torque. As soon as the speed of the primary shaft 
matches that of the target gear, the ingoing synchronizer moves to the fully engaged position. This is highlighted by a 
dimensionless value of 1 for the synchronizer position in the figure. Phase D actuates the clutch re-engagement, with 
open-loop clutch torque control and closed-loop engine torque control as a function of the measured slip speed. At 
the end of phase D, i.e., when the condition of zero slip speed is verified, the clutch is engaged. During phase E 
           is ramped up to               and is kept at that value until another gearshift is requested. 
Throughout phases B to E, there is zero EM torque demand from the energy management system of the hybrid 
electric vehicle in the specific maneuver, but a reference electric motor torque,        , is generated to compensate 
for the torque gap caused by the clutch torque reduction. In particular,         is determined by the difference 
between the engine torque demand at the wheels corresponding to the target gear ratio (          ) and the actual 
engine torque (estimated by the controller) transmitted by the clutch to the wheels: 
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           (15) 
where           is the EM torque demand from the energy management system (0 in this specific case).  
The novel drivetrain concept is implemented on a high-performance rear-wheel-drive vehicle demonstrator (see Fig. 
1 and Table I). The parameters of the control system implemented in simulation are tuned to provide similar 
performance to the transmission in the prototype vehicle. Different driving modes can be selected, each of them 
corresponding to different parameterizations of the TCU, for example in terms of clutch torque rates. Fig. 4 shows an 
example of experimental validation of the gearshift simulation model, in terms of acceleration profiles for the 
baseline controller with the torque-filling contribution of the EM. 
 
Table I. Main vehicle parameters. 
Symbol Variable name Value Unit 
  Vehicle mass      Kg 
   Wheel radius 0.33 M 
   Mass moment of inertia of primary shaft 0.01 kgm
2 
   Mass moment of inertia of secondary shaft 0.01 kgm
2 
    Mass moment of inertia of electric motor rotor 0.1 kgm
2 
   Mass moment of inertia of engine 0.3 kgm
2 
   Mass moment of inertia of differential 0.05 kgm
2 
     Mass moment of inertia of the individual wheels 1.01 kgm
2 
   Gearbox ratios 3.23, 2.17, 1.59, 1.18, 0.90, 0.69 - 
   Final drive ratio 3.90 - 
    Gear ratio from electric motor to secondary shaft 3.55 - 
      Maximum engine torque 643 Nm 
      Maximum engine power 422 kW 
       Maximum electric motor torque 198 Nm 
       Maximum electric motor power 120 kW 
 
 
 
Fig. 4. Simulated and experimental longitudinal vehicle acceleration profiles during upshifts from gear 3 to gear 4 
(top) and from gear 4 to gear 5 (bottom) at 100% of engine torque demand and 0% of electric motor torque demand, 
from initial speeds of 120 km/h (top) and 160 km/h (bottom). 
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IV. OPTIMAL CLUTCH ENGAGEMENT CONTROLLER 
A. Simplified model for control system design 
Fig. 5 shows the schematic of a simplified drivetrain model used for control system design, having a reduced number 
of degrees of freedom with respect to the model in Section III, and obtained for conditions of permanent clutch slip 
(as this is the phase relevant to clutch engagement control). The connection between the crankshaft and the clutch 
input plate is assumed to be rigid, and the DMF and engine inertias are summed into     .  
                                                                        (16) 
 
 
Fig. 5. Simplified schematic of the three-degree-of-freedom drivetrain model for control system design. 
 
The backlash non-linearity on the final drive is neglected. However, this is not a significant assumption as the torque-
fill control of the electric motor keeps the transmission in power-on during gearshifts for positive torque demands. 
The main approximation is related to the fact that the vehicle inertia and the inertias of all wheels are assumed to be 
lumped:  
            
                                                                   (17) 
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Hence, the damping effect of the tire on the system dynamics is neglected [20]. This design choice allows a very 
significant simplification of the control system implementation, and it was already adopted in many previous studies 
aimed at transmission control synthesis (e.g., in [5], [8] and [12]). Moreover, the value of     in the simplified model 
can be tuned to reach the damping level in the overall system response corresponding to the more complex model of 
Section III. 
As the vehicle speed does not change significantly throughout the gearshift, it is assumed that the load torque,   ,  is 
constant during the clutch re-engagement phase. Its value can be determined by considering the wheel torques 
associated with rolling resistance,                      , and aerodynamic drag,        , evaluated at the initial vehicle 
speed (   .  
                                                                   (18) 
Eqns. (19) to (22) illustrate the governing dynamics of the drivetrain:   
            ̈                                                                (19) 
                            
 ̈ 
    
 (20) 
            ̈  (21) 
       (
  
    
   )     (
 ̇ 
    
  ̇ ) (22) 
        is the equivalent inertia of the transmission in the simplified model.         is given by Eq. (23), and is the 
same as the mass moment of inertia defined by the previous Eq. (11) for the more complex model. A first order 
transfer function is adopted for considering the EM actuation delay, starting from the reference torque demand, 
       : 
                      
      
   
        
   
  (23) 
           
 
   
 (24) 
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The previous drivetrain equations can be written in state-space form (Eq. (25)) by considering the following state 
vector:   [ ̇   ̇ 
 ̇ 
    
  ̇       ]
 
. The engine and clutch torques are the first and second inputs, i.e., 
  [     ]
 : 
 ̇                                                             (25) 
where: 
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          (26) 
B. Optimal controller formulation 
In order to maintain comfort across clutch engagement, the slip speed     (i.e., the first element of  ) should follow a 
smooth trajectory. To avoid shuffle after the engagement (i.e., when the engine torque demand is handed over to the 
energy management system), the clutch torque should reach a value corresponding to the driver demand. Moreover, 
since the clutch torque fluctuations directly contribute to vehicle jerk, clutch torque should have a smooth profile as 
well. These targets can be achieved by minimizing the following tracking errors on clutch slip speed and clutch 
torque:  
                                                                              (27) 
                                                                         (28) 
A third order polynomial is chosen for expressing the slip speed reference,      , as a function of time  . The 
reference clutch torque at the wheels,     , is linearly varying from 0 to the value corresponding to the engine torque 
demand at the expected final time,    (Eq. (29)). The parameters   to   are obtained by imposing conditions (30). 
     [
     
    
]  [
            
          
 
  
]                                          (29) 
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{
  
 
  
 
                             
 
  
                
                     
 
  
                
 (30) 
By neglecting the inertial terms in Eq. (20), a simplified expression for      is obtained:     
                          )                                      (31) 
Consequently, the vector of the tracking errors,  , is formulated as: 
  [
     
    
]       , with   [
    
         
]   (32) 
In order to ensure a better tracking performance,   is augmented with the integral of the tracking error: 
 ̂  [
 
∫    ]   ̂    , with  ̂  [
      
      
],  [
  
    
]    (33) 
where   [
 
∫    ] consists of the original system states augmented with the integral of the tracking error. Its 
dynamics are given by: 
 ̇   ̂   ̂       , with  ̂  [
     
      
],  ̂  [
 
    
],   [
  
    
],    [
    
  
]                                                (34)
The cost function of the optimal controller penalizes the tracking errors, the clutch dissipation energy, the control 
effort and the final values of the errors,  ̂(  ):  
  
 
 
 ̂(  )
 
  ̂(  )  
 
 
∫ [ ̂      ̂                          ]  
  
 
                                                                        (35) 
The clutch dissipation energy is included in the term            , which, being a product of an input (i.e., the 
clutch torque) and a system state (i.e., the clutch slip speed), significantly increases the complexity of the problem. 
The matrices   and   are symmetric and positive semi-definite (   ,    ). The matrix   is positive 
definite      . The cost function (35) can be converted into the form reported in Eq. (36), where the new control 
vector  ̃, state penalty matrix  ̃ and system dynamics are represented by Eqns. (37)-(39). 
  
 
 
 ̂(  )
 
  ̂(  )  
 
 
∫ [   ̃         ̂             ̃   ̃]  
  
 
                                       (36) 
 ̃                                                                          (37) 
19 
 
 ̃   ̂   ̂                                                         (38) 
 ̇   ̅   ̂ ̃ +        ,     ̅   ̂   ̂      (39) 
The optimal control problem with the cost function of Eq. (36) and system dynamics of Eq. (39) can be solved by 
formulating the Hamiltonian of the system and applying the optimality conditions [21]. Hence, the control law and 
co-state dynamics together with the boundary conditions are determined through Eqns. (40)-(42). 
 ̃       ̂                                                                     (40) 
  ̇   ̃   ̂      ̅                                                (41) 
 (  )= ̂
   ( ̂ (  )    (  ))                                      
(42) 
Eqns. (39)-(42) belong to a special class of formulations, called two-point-boundary-value-problems (TPBVPs, [21]). 
A method to solve these problems is based on numerical backward integration of the resultant Riccati and auxiliary 
equations, which requires a solution with a high time resolution over the controller activation interval. In this 
application, the initial value of reference slip speed,      , is known only when the clutch engagement phase is 
activated, hence the on-line backward integration is not feasible. Also, the off-line gain computation for various 
combinations of initial slip speeds and driver torque demands would result in a very large look-up table, which could 
easily exceed the affordable TCU memory. As a consequence, the methodology adopted in this study is based on 
converting the original TPBVP into a homogenous form. Then, with a similar approach to the one in [15], a set of 
piecewise constant feedback gains can be computed.  
The dynamics of the reference trajectories introduced by Eq. (29) are as follows:  
 ̇                                                                                  (43) 
where   is: 
  [     
      
  
       
   
       
   
    
     
  
]
 
 (44) 
The formulation of   is provided in the Appendix. Moreover,   can be expressed as      , with       
   . 
Assuming a new vector    [    ]  where       and      , with      
     and      
    , a 
homogenous TPBVP, represented by (45) and (46), is obtained.  
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],     [
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]             (45) 
 (  )          , with      ̂
   ̂    ̂
                                                      (46) 
In order to derive a set of feedback gains, the control activation interval [    ] is discretized into a sequence of time 
steps with length   , thus obtaining the discretized time vector [0              …                      
…   ]. The state transition matrix (Eq. (47)) can be computed off-line with significant accuracy by employing 
software packages such as Matlab. The resultant state transition matrix  , with submatrices            [   ] , 
provides a relationship between two adjacent vectors, [          ]
  and [      ]
 , in the discretized time 
interval. Starting from the final point with the a-priori known value     from Eq. (46) and utilizing the backward 
recursive procedure expressed by Eq. (49), a set of     can be computed, which, in combination with Eq. (40), 
provides the feedback gains and the control action throughout the time interval. In formulas: 
  [
      
      
]   
[
    
  ̃    ̂
         ̅
 ]  
                  (47) 
[
   
   
]  [
      
      
] [
     
     
] 
(48) 
                 , with        (          )
  
(          )                      (49) 
An appropriate selection of the matrices  ,   and   delivers the desired controller performance in terms of 
dissipated energy and tracking/drivability, i.e., depending on the driving mode different weightings among the terms 
of the cost function in Eq. (35) can be selected. At the end of the control design procedure, the computed control 
gains are stored in the memory of the vehicle TCU. Since typically the preferred engagement time for an upshift is 
very short (i.e., 0.25 s for the specific application), only a few computations of the gains are required and the 
resultant look-up table will occupy a small space in the TCU memory.  
As an alternative to the look-up table-based approach, it is noted that the proposed technique is more efficient than 
backward integration, so the on-line computation of the gains could be achievable using the processing power of the 
controller. With the on-line approach, the only off-line requirement is the computation of the state transition matrix 
as a function of the gear number, which can be stored in the TCU memory. 
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C. Control system implementation and half-shaft torque estimation 
Fig. 6 is the schematic of the overall control structure. The main look-up table includes the sets of piecewise constant 
gains of the controller (variable in the time domain), which are functions of the only final gear ratio. In fact, as 
outlined by Eq. (49), the computation of     is based on the state transition matrix, which is constructed from the 
vehicle and transmission physical parameters (such as the gear ratios, inertias, mass of the vehicle, etc…).  
One of the inputs of the feedback controller is represented by the half-shaft torque,    , which cannot be directly 
measured on the car, and is therefore estimated with a Kalman filter. The main inputs of the Kalman filter are 
transmission speed, wheel speed, clutch torque and EM torque, which are either directly measured by sensors or 
estimated on-line with algorithms already present on production vehicles. Eq. (50) includes the model formulation 
adopted for the Kalman Filter design. 
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]    (50) 
At each time step the discretized version of Eq. (50) is used to compute the a-priori estimate of the states. The 
detailed formulation of the Kalman Filter, implemented according to the theory in [22], is omitted for brevity. In the 
filter the half-shaft torque is calculated starting from transmission output speed and wheel speed. Because of the 
measurement feedback, the estimator provides satisfactory performance even when approximated values of the half-
shaft torsional compliance are used.  
22 
 
 
Fig. 6. Simplified schematic of the proposed controller with the auxiliary half-shaft torque estimator. 
 
V. RESULTS AND DISCUSSION 
This section provides a simulation-based analysis of the benefits of the proposed optimal controller, by using the 
validated non-linear model discussed in Section III. 
Fig. 7 shows a gearshift from gear 2 to gear 3 at 70% of engine torque demand and zero EM torque demand from the 
energy management system. The desired clutch engagement time is assumed to be     0.25 s. The controller 
activation interval is divided into five equally spaced time steps, which results in a gain look-up table with a size of 
only 8 kb. In the specific simulation of Fig. 7, in order to evaluate the controller capability of reducing the clutch 
energy losses, the cost function of the controller is set to have a relatively heavy penalty on the clutch dissipation 
energy, and moderate-to-low values of the weights on the reference tracking errors and their integrals. The clutch and 
engine torque penalties are empirically chosen from simulation results, to achieve desirable performance. The 
selected weighting matrices are reported in the Appendix.  
Powertrain
and 
Vehicle
Optimal Controller
Reference
Generator
Kalman
Filter
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Fig. 7. Simulation of an upshift from gear 2 to gear 3 at 70% of engine torque demand and 0% of electric motor 
torque demand from the energy management system, with an energy efficiency-oriented tuning of the proposed 
controller (the vertical lines show the activation interval of the clutch engagement controller). 
 
The actuation torque values in the simulation model are constrained between the allowable upper and lower bounds 
of the physical prototype. This is essential especially when the clutch energy dissipation is highly penalized, as 
extreme tunings of the controller could try to generate an unrealistic engine braking torque to accomplish the 
engagement. In Fig. 7 the clutch engagement controller is activated at roughly   = 0.75 s and is terminated slightly 
before      s, i.e., when the slip speed is within a specified boundary for a sufficiently long time interval.  
Throughout the engagement, the controller keeps the engine torque at its minimum possible value and clutch 
actuation is significantly delayed. Despite the major deviations of the actual trajectories from the reference values, 
because of the final time penalties in the cost function formulation, the engagement is accomplished at the prescribed 
final time. Moreover, within the same time frame the clutch torque reaches a level corresponding to the driver 
demand. As in this case the derivative of the slip speed at the clutch engagement is relatively high, the vehicle 
acceleration is characterized by oscillations after the engagement. However, based on the experience of Oerlikon 
Graziano SpA (the industrial company involved in this study) in subjective assessments of the gearshift quality and 
correlation with objective measurement and simulation results, the oscillations of the acceleration profile for the 
energy-oriented set-up of the controller are still acceptable for the user, as the gearshift is accomplished in a very 
limited time interval. 
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Fig. 8. Simulation of an upshift from gear 2 to gear 3 at 70% of engine torque demand and 0% of electric motor 
torque demand from the energy management system, with a tracking performance-oriented tuning of the proposed 
controller (the vertical lines show the activation interval of the clutch engagement controller). 
 
In Fig. 8 the same maneuver of Fig. 7 is repeated, this time with a nil penalty on the clutch energy dissipation within 
the cost function for control system design, while the weights on the tracking errors and their integrals are 
significantly increased to enforce the tracking performance (tracking performance-oriented set-up of the controller). 
Fig. 8 shows significant differences for gearshift performance compared with Fig. 7, i.e., the controller continuously 
tracks the reference trajectories and is capable of handling the extensive model non-linearities, such as those related 
to the engine torque characteristic as a function of speed and tire dynamic behavior. Since clutch energy dissipation is 
neglected within this tracking-oriented tuning, the energy dissipated by the clutch is 2432 J, against the 1232 J of the 
previous case. 
In Fig. 9 the optimal controller with the energy-oriented set-up is compared with the baseline controller (i.e., the 
conventional gearshift controller presented in Section III) and the clutch engagement controller formulation of [16], 
for a selection of gearshifts with engine torque demands of 70% (top) and 100% (bottom). The controller in [16] is 
realized with two PID controllers aiming at tracking predefined engine and clutch speed profiles, together with a 
feedforward contribution related to engine speed. In all of the gearshifts the optimal controller provides lower energy 
dissipation than the other controllers (i.e., average reduction of 1014 J with respect to the PID controllers in [16] and 
1127 J with respect to the baseline controller). However, for high gear numbers the difference between the energy 
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dissipation of the baseline controller and that of the optimal controller is reduced because in the specific tests the 
engine operates within a relatively lower speed region, with smaller initial clutch slip speed values. Also, at low 
engine speed the amount of available engine braking torque is limited, which forces the optimal controller to rely 
mainly on the clutch torque in order to achieve the timely engagement of the clutch.  
 
Fig. 9. Comparison of the three analyzed controllers in terms of energy dissipation within the clutch, for different 
values of the initial gear number, at engine torque demands of 70% (top) and 100% (bottom), with an electric motor 
torque demand from the energy management system of 0%. 
 
VI. CONCLUSION 
The activity presented in the paper leads to the following conclusions: 
 Hybrid electric drivetrains based on the integration of an electric motor drive into a conventional automated 
manual transmission layout allow combined mechanical simplicity, cost effectiveness and torque-fill capability 
for gearshifts executed on the engine side of the drivetrain, while providing the energy efficiency benefits 
typical of electrified architectures. 
 A simple formulation of the electric motor torque demand during gearshifts was assessed through simulations 
and experiments, and provided the expected torque-fill performance.  
 The formulation of a novel optimal controller for the clutch re-engagement phase was discussed in detail. The 
approach is based on the augmentation of the reference trajectories, resulting into a homogeneous two-point-
boundary-value-problem. The problem was solved through the off-line computation of the optimal sets of 
feedback gains, starting from the system state transition matrix. The controller, based on a small-size look-up 
table suitable for storage in the transmission control unit, allows consideration of advanced cost functions for the 
control of the clutch re-engagement process, without penalties in terms of computational load.  
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 The novel controller permits different set-ups, either focused on tracking performance (hence, on smooth vehicle 
acceleration profile) or energy efficiency (hence, on clutch energy dissipation reduction). The controller set-ups 
(e.g., variable depending on the selected driving mode) can be easily tuned by transmission engineers without 
significant experience of advanced control theory, through the weights used in the controller cost function. 
 The performance of the controller was assessed against that of two more conventional clutch engagement 
controllers, by using the experimentally validated simulation model of the novel drivetrain layout. In the energy 
efficiency-oriented set-up, the proposed controller allows significant reductions of clutch energy dissipation. 
Further studies will focus on: i) integration of the novel controller with the energy management system of the hybrid 
electric drivetrain concept; ii) analysis of the effect of further simplifications of the model equations used for control 
system design; iii) vehicle validation of the algorithm; and iv) optimal controller application to other transmission 
system layouts, such as dual-clutch transmissions. 
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APPENDIX 
A. Matrices of the reference trajectory dynamics 
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B. Penalty matrices used in the simulations 
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